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Abstract. In this paper wc consider a complete connected noncompact Rie- 
mannian manifold M with Ricci curvature bounded from below and positive 
injectivity radius. Denote by C the Laplaco-Beltrami operator on M. We 
assume that the kernel associated to the heat semigroup generated by C sat- 
isfies a mild decay condition at infinity. We prove that if m is a bounded 
holomorphic function in a suitable strip of the complex plane, and satisfies 
Mihlin-Hormander type conditions of appropriate order at infinity, then the 
operator m(C) extends to an operator of weals type 1. 

This partially extends a celebrated result of J. Cheeger, M. Gromov and 
M. Taylor, who proved similar results under much stronger curvature assump- 
tions on M, but without any assumption on the decay of the heat kernel. 



1. Introduction 

The purpose of this paper is to extend a celebrated multiplier result of J. Cheeger, 
M. Gromov and M. Taylor [CGTl Thm 10.2], [H Thm 1.6], by substantially relaxing 
its geometric assumptions. 

Suppose that M is a complete connected noncompact Riemannian manifold. 
Denote by —C the Laplace-Beltrami operator on M: £ is a symmetric operator on 
C^{M) (the space of compactly supported smooth complex- valued functions on 
M). Its closure is a self adjoint operator on L'^{M) which, with a slight abuse of 
notation, we denote still by C We denote by h the bottom of the spectrum of £, 
and by {Vx} the spectral resolution of the identity for which 
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for every / in the domain of C. For notational convenience, we denote by 2? the 
operator \/ L — h. 

We say that M has C°° bounded geometry if the injectivity radius of M is positive 
and the Riemann curvature tensor is bounded in the C°° topology. We say that 
M has bounded geometry if the injectivity radius of M is positive and the Ricci 
curvature is bounded from below. If M has bounded geometry, then there are 
nonnegative constants a, /? and C such that 

(1.1) fi{B{x,r)) <Cr"e^'^'' VrG[l,c5o) Vx € M, 

where /i(_B(x, r)) denotes the Riemannian volume of the geodesic ball with centre 
X and radius r. The same is a fortiori true if M has C°° bounded geometry. 
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For each W mR+, denote by Sw the strip {z e C : Imz e {-W, W)}. Taylor 
fr\ Thm 1.6], following up earlier work of Cheeger, Gromov and Taylor |CGT| 
Thm 10.2], proved that if M has C°° bounded geometry and m is a bounded even 
holomorphic function in S/j satisfying estimates of the form 

(1.2) \D^m{C)\<c{i + \C\y' VCeSf, Vje{0,l,...,J}, 

where J is a sufficiently large integer depending on the dimension n of M, then the 
operator m{T>) is bounded on LP{M) for p in (1, oo), and of weak type 1. 

In fact, the proof of this result requires control only of a finite number of covariant 
derivatives of the Riemann tensor, but this number is of the same order of magnitude 
of the dimension of M. Notice that [H Thm 1.6] extends a previous result of 
R.J. Stanton and P.A. Tomas |StTo| in the case where M is a symmetric space 
of the noncompact type G/K and real rank one (and C is the Laplace-Beltrami 
operator associated to the G-invariant metric on AI induced by the Killing form of 
G). See also the pioneering work of J.L. Clerc and E.M. Stein [CS| on spherical 
multipliers on noncompact symmetric spaces associated to complex semisimple Lie 
groups, and recent related works [A | HT ] Il2 t IMVj on general noncompact symmetric 
spaces, which have been stimulated by [H Thm 1.6] and |CS| . 

As M. Berger says in his book [Bel p. 291] "Up to the end of the 1980s, Ricci 
curvature was believed to be only useful to control volumes,... ". Since then, vari- 
ous geometric and analytic results on Riemannian manifolds have been established 
under the hypothesis that the manifold is of bounded geometry. To mention a few, 
we recall the relationship between isoperimetric inequalities and the behaviour for 
large time of the heat kernel [Coui IChFl IV] and local Harnack type estimates for 
positive solutions of the heat equation |SCj . 

In view of these considerations, it is natural to speculate whether [T} Thm 1.6] 
may be extended to Riemannian manifolds of bounded geometry. In this paper 
we assume that M has bounded geometry in the sense specified above, but, for 
technical reasons, we need also to assume that there exist constants p > 1/2 and C 
such that 

(1.3) III i;oo <C 0-^4-" Vie[l,oo), 

where {H*} denotes the heat semigroup generated by £, and |||H*|||i;oo the norm 
of 7i* qua operator from L^{M) to L'^{M). Note that on every manifold M with 
bounded geometry estimate (|1.3p holds, but with p = (see, for instance, [Gr) 
Section 7.5]). Moreover it holds with p > 1 on nonamenable unimodular Lie groups 
with a left invariant Riemannian metric [Lo| and on noncompact Riemannian sym- 
metric spaces |CGM| . 

Our main result. Theorem 13.41 states that if M is a Riemannian manifold of 
bounded geometry satisfying (|1.3|) with p > 1/2, then the conclusion of Taylor's 
result holds with J > max([n/2 + l] + 2, \n/2 +l] + 2 + a/2- p). 

To prove Theorem 13.41 we decompose, as in [Xl Thm 1.6], the Schwartz kernel 
km(T>) of m{T>) as the sum of a kernel with support near the diagonal in M x Af , 
and of a kernel supported off the diagonal. As in [Tl ICGT] , we show that the part 
near the diagonal satisfies a Hormander type integral condition, and that the part 
off the diagonal gives rise to a bounded operator on L^{M). However, the technical 
details are rather different. In particular, since we do not assume any control on 
the derivatives of the Riemann tensor, we cannot use either the eikonal equation or 
the Hadamard parametrix construction to obtain the required estimates of km{v) 
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near the diagonal. Our approach to these esthnates is based on uhracontractive 
bounds for the heat semigroup and for the restriction of the semigroup generated by 
the dc Rham operator to 1-forms on M and uses an adaptation of L. Hormandcr's 
method [Ho| . We behove that our approach, though technically elaborate, helps to 
understand and clarify the relationships between the heat semigroup and singular 
integral operators on M . 

We recall that the idea to use ultracontractivc estimates for the heat semigroup 
in the proof of multiplier results for its generator is not new (see, for instance, 
[CoSij l. but, to the best of our knowledge, it is indeed new in our setting. 

Different endpoint estimates for various classes of multiplier operators on man- 
ifolds with bounded geometry will be considered in a forthcoming paper |MM Vj . 
Those estimates will involve the Hardy space H^{M) introduced in [CMMj and 
some related spaces, which will be defined in [MMVj . 

We will use the "variable constant convention" , and denote by C, possibly with 
sub- or superscripts, a constant that may vary from place to place and may depend 
on any factor quantified (implicitly or explicitly) before its occurrence, but not on 
factors quantified afterwards. 

2. Notation, background material and preliminary results 

Suppose that M is a connected n-dimensional Riemannian manifold of infinite 
volume with Riemannian measure ^. We assume that AI has bounded geometry, 
i.e., that the injectivity radius of M is positive and that 

(2.1) Ric(A'/) > -K^ 

for some k > 0. It is well known that manifolds with bounded geometry satisfy the 
uniform ball size condition, i.e. for every r € 

(2.2) inf{n{B{x,r)) : X e M} > 0, sup {n{B{x,r)) : x e M} < oo 

(see, for instance, [CMP| . where complete references are given). Moreover, by 
standard comparison theorems |Ch|, Theor. 3.10], the measure /i is locally doubling, 
i.e. for every R > there exists a constant Cr such that for every ball B{x, r) such 
that r < R 

fi{B{x,2r)) < CRfi{B{x,r)). 

If T is a bounded linear operator from LP{M) to L'^{M), we shall denote 
by IIITIp;, the operator norm of T from U'i^M) to L'^{M). In the case where 
p = q, we shall simply write |||T|||p instead of |||T|||p;p. 

Denote by — £ the Laplace-Beltrami operator on Af , by b the bottom of the 
L'^{M) spectrum of £, and set f} = limsupj.^^\log fi(B {a, r))]/{2r). By a result 
of R. Brooks |Br| h < 0^ . Denote by {7i*} the semigroup generated by — £ on 
L^{M). It is well known that for every p in [l,oo); the operator 7i* extends to a 
contraction on LP{M). Furthermore, {7i*} is ultracontractivc, i.e., 7i* maps L^(M) 
into L°°{M) for every t in M+. Recall that 7i* satisfies the following estimate |Gr| 
Section 7.5] 

(2.3) < Ce-^*t-"/''(l +t)"/''-''/^ Vte]R+ 

for some p in [0, oo). Then, by standard subordination techniques of semigroups 

(2.4) |||e-*^|||^.2 < Ct-"/2(i + t)"/2-P v<eIR+. 
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The proof of our main result, Theorem l3.4l below. is rather technical and requires 
some background material and a few preliminary results, which are the content of 
the following three subsections. Specifically, Subsection l2. II gives information about 
the heat semigroup generated by £, and its natural extension to forms, i.e., the 
semigroup generated by the de Rham operator L, Subscction l2.2l and Subsection l2.3l 
contain estimates for the kernels of certain functions of the operator P and some 
technical lemmata respectively. These results will be directly used in the proof of 
Theorem 1331 

2.1. The de Rham operator. Denote by L^(Aj^A/) the space of square integrable 
fc- forms on M with complex coefficients, and by C^(ApA/) the subspace of smooth 
forms with compact support. As usual we identify 0-forms with functions on Af , 
and L'^{K^M) with the space L'^{M). We shall denote by (•, ■)k the Hermitian inner 
product on L'^{A(.M), i.e. 

(w,r/)fc=/ {uj{y),ri{y)) dn{y), 
Jm " 

where is the Hermitian inner product induced by the metric of M on the 

complexification of the space of alternating tensors of order k at the point y. 

We denote by d the operator of exterior differentiation, considered as a closed 
densely defined operator from L'^{A^M) to L^(A^^^Af) and by S its adjoint op- 
erator, i.e. the closed densely defined operator mapping L'^{A^^M) to L^(ApAf) 
such that 

As a consequence, for each nonnegative integer k the de Rham operator 5d + d6 
maps smooth fc-forms into smooth fc-forms. 

We denote by L the operator on i-^c-^-^) ■ defined by 

Luj = {Sd + dS)Lu Muj e C^{A^M). 

With a slight abuse of notation, the closure of L in ^^(ApA/) will be denoted 

still by L. 

It is well known that for each nonnegative integer k, the restriction of L to 
^^(A^Af) is a self adjoint operator [S]. In particular, the restriction of L to 
^^(A^A'f) coincides with C. Furthermore, it is known that the restriction of L 
to 1-forms is nonnegative. Therefore, the restriction of — L to L^(A^A/) generates 
a strongly continuous one parameter semigroup on ^^(ApA/) that we denote by 
{H*}. 

The next lemma summarises some of the properties of the operator L on 1-forms 
that we shall need in the proof of Proposition 12.21 

Lemma 2.1. Suppose that k is as in \2.1\) . Then 

(i) for every bounded Borel function F on [0,oo) 

F{C)Suj = SF{L)uj Vuj e C^iAl-M); 

(ii) for every cu in L'^{Af^M) 

|H*tj(x)| <e'"'*7^*|w|(x) VteM+ Vx e M; 
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(iii) for every u in L'^(Af^M) 

llH*a.|l2 < e(«'-')*|lw|l2 yteR+. 

Hence the bottom of the spectrum o/L on L'^{A^M) is greater than or equal 
to b — K^. 

Proof, (i) The identity F{C)6 = SF(L) is a straightforward consequence of the 
identity CS lo = (SLw and of the fact that the operators C and L are self-adjoint. 
For the proof of (ii) see |Ba[ Prop. 1.7]; now (iii) follows directly from (ii). □ 



Suppose that is a smooth 1-form with compact support. From Lemma 2.1, by 
using the contractivity of 7i* on LP(M) for every p € [1, oo] and interpolation, one 
may deduce that if p is in [l,oo], then 

||H*w||p < e-^'li-^/pIt ii^iip vt e M+. 

Thus, {H*} extends to a semigroup on LP{A^M) for all p in [1, oo), that we denote 
still by {H*}. From Lemma [2.11 and the ultracontractivity estimates (|2.3p for 7i* 
we also deduce that 

r f 9 1 1/2 

/ \ll'u;{x)\l d^l{x) 
'-Jm 



|H*w| 



< e 



M 



{n'\u^\{x)YA^i{x) 

M 



< Ce^"'-^)* i-"/'' (1 + t)"/4-p/2 yt e M+. 

Thus there exists a constant C such that 

(2.5) |||H*|||^.2 < Ce('^'-'')*t""/''(l +t)"/'*~''/^ Vte]R+. 

2.2. Estimates for certain kernels. For notational convenience, we denote by 
Vi the operator y/C — b + k^, and by Di the operator VL — 5 + (the operator 
L — 6 + is nonnegative by Lemma [27TJ iii)). 

If T is an operator bounded on L^(M), then we denote by kq- its Schwartz kernel 
(with respect to the Riemannian density fi). In this subsection, we prove estimates 
for kp(^txi): fcF(fDi) and of d2fc^(ti3j), when the function F decays sufficiently fast 
at infinity; here d2 denotes the differential with respect to the second variable. 

We observe that the only reason to introduce the de Rham operator L and the 
auxiliary operator Di is that to estimate the kernel of d2kF(tVi) we exploit the 
identity in Lemma 12.21 (i) . 

Proposition 2.2. Assume that p is as in il.3\) . that 7 is in {n/2 + l,oo), and 
that F is a bounded function on [0, 00) such that 

sup |(1 + A)^^^(A)| < 00. 

Then for every t in M+ the operators F{t'D), F{t'Di) and dF{t'Di)* are bounded 
from L^{M) to L'^(M). Furthermore, there exists a constant C such that for all t 

in R+ 

(i) SUp^eA/ \\kFitV){;y)\\^ <Ct-"/2(l+t)"/2-P; 
(ii) SUp.gM \\kF(tvM-^y)\\2 <C^<-"/'(l 

(iii) supy^M ||d2fcF(tPi)(-,2/)||2 < Ct-"/2-i(l +t)"/2+i-p, where d2 denotes 
exterior differentiation with respect to the second variable. 
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Proof. We may assume that the kernels kp(j^x>) a-nd kp(^tx>i) are smooth. Indeed, it 
suffices to prove that the desired estimates hold for all functions G with bounded 
support such that \G\ < \F\, with a constant C that docs not depend on the 
support. Since for such functions the operator G{t'D) is bounded on L^{M) for 
every positive integer N, its kernel is a smooth function on M, by elliptic regularity. 
The general case will follow by approximating F with functions of bounded support. 
First we prove (i). Suppose that ct > n/4. Then, by (|2.3p . 



1(1 



^ ) llll;2 ^ r(a) 



s e 



< G 



lie 



s c 



-st^v^ ds 



2„N-n/4 ^ 



G 



s c 



it's} 



(2.6) 



< Gr""/^ (1 + 



s 

-p/2 d£ 

s 

yt e M+. 



sup + t^V^)'^/^ F{W)\\\ =sup 

t>0 A>0 



By the spectral theorem and the assumption on F 

(1+A2)t/2^^(A) <C50. 

Thus, by applying (|2.6p with <t ~ 7/2, we get 

111^(^^)111 1-2 = 111(1 + t^T^^y^^ (1 + i^V^V'^ F{W)\\^,^ 

< + t^V^)'^/^ F{W)\\\^ 111(1+ <2x)2)-7/2 11^^^ 

(2.7) <G (1 + t)"/2-^ Vt e M+ . 

Then the adjoint operator FiW)* maps L'^{M) boundedly into L°°{M) and 

Thus, by Dunford-Pettis' Theorem [DSl Thm 6, p. 503], the kernel kp^tvY of 
F{t'D)* satisfies the estimate 



sup \\kF(^tvY{xr)\\2 = |||i^(i2?)|||i.2 



£C6M 



< ct-"/2 (1 + t)"/2-p 



Vt e 



Estimate (i) follows from this and the fact that kp(^^-p'^{x,y) = kp(^fxi)'iy-:X)- 

The proof of (ii) is, mutatis mutandis., the same as the proof of (i). We simply 

replace T>^ by in the proof of (i), and use the obvious ultracontractive bounds 

for e~** instead of those for e"**'^ . 

Finally we prove (iii). By arguing as in the proof of (i) (with Di in place of 

V, and using the ultracontractivity estimates (|2.5p in place of (|2.3p ). we may show 

that there exists a constant C such that 

(2.8) |||F(tDi)|||^.2 < Ci""/2 (1 + 0"/^"'' VieR+. 
We claim that there exists a constant G such that 

(2.9) \\\SF{tT>i)\\\^,^<Gt^"/^~^ {l+t)"/^+^~P VieR+. 
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To prove (|2^ . observe that for every u in C^ih^M) 

||<5F(tDi)c^||2 - {5F{mi)uj,SF{t-Di)w)o 

< {5F{tT>i)uj,5F{fDi)uj)o + (dF(tDi) w, dF(tDi) w)2 
= (LF(tDi)c^,^^(iDi)cc;)i 

= ||Di ^^(tDi)c.|ll + {b- n^) \\F{tT>^)uj\\l 

This and (HH) imply that 

|||(5^^(iDi)||l „ < |||DiF(tDi)||l +?'|||i^(iDi)||l „ 
(2 10) ' 

< |||DiF(tDi) 111^.2 + Ci""/^ (1 + i)"/2-p vteR+. 
To conclude the proof of the claim it suffices to observe that 

|||tDi F{tTii)\\^,^ = 111(1 + t2D2)-(^-l)/2 (1 + ^2]32)(7-l)/2 ^jj^ ^^(iDi)|||^.2 

< 111(1 + t2D2)(^-i)/2 F(tDi)|||2 111(1 + t2D2)-(^-i)/2|||^^^ 

< C t-'"/^ (1 + 1)"/2-'' Vi e M+, 

where we have used p.6p with cr = (7 — l)/2. 

Recah that i^(tX'i) (5 = (5F(tDi) by LemmaO (i)- Thus, by ([23]), the operator 
F{Wi)S maps ^^(A^M) to ^^(Af), and 

|||F(tPi)5|||^.2 < cr''/^-^ {i + t)''/^+^-p Vt eM+. 

Hence its adjoint dF{tVi)* maps ^^(m) to i°°(A^M) and 

|||dF(tI?i)*|||2.^ < cr"/^'^ (l + t)"/2+i-p. 

Thus, by Dunford-Pettis' Theorem, the kernel k^p(^ix>i)* of the operator di^(tl?i)* 
satisfies the estimate 

sup \\k^Fit'D,r{y,-)\\^<Ct-^'^-^{i + tr'^+'-p vteM+. 

ye A/ 

The desired conclusion follows because d2 kp(j_xii){x,y) = A:dF(tr'i)* (j/i 2:). □ 

2.3. Some technical lemmata. To motivate the technical result contained in this 
subsection, we briefly recall the main features of Taylor's method to prove spectral 
multiplier theorems for the Laplace-Beltrami operator on a Riemannian manifold 
M of bounded geometry. Consider an operator of the form m(T>), where m is 
an even, bounded, holomorphic function in the strip and satisfies Mihlin-type 
conditions at infinity (see (|1.2p ). One of the main ingredients of Taylor's method 
is the functional calculus formula 

1 r°° 

(2.11) m(X>) = — / m{t) cos{W) dt, 

based on the Fourier inversion formula and the spectral theorem. The analysis 
of m(T>) ultimately relies on the finite propagation speed property for the wave 
equation and uniform Sobolev estimates on M, proved in |CGT] under rather strong 
bounded curvature assumptions on the manifold M . Since, in this paper, we want to 
relax the latter assumption by requiring only a lower bound on the Ricci curvature 
of M, we need to modify Taylor's proof. The aim of this section is to provide some 
of the required technical ingredients. 
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The first step consists in replacing the cosine in the right hand side of p. lip by 
a modified Bessel function (see Lemma [2.41 (ii)). For each v > —1/2, denote by 
J7,y : M \ {0} C the modified Bcsscl function of order ly, defined by 

X(0 = ^, 

where Ji, denotes the standard Bcsscl function of the first kind and order v (see, 
for instance, |L1 formula (5.10.2), p. 114]). We recall that, if Re;^ > -1/2, 

(2.12) Mt)= [ r /\l - 5^-1/2 eos(ts)ds 

y'TT 1(1^+1/2) Jq 

and that 

/ N /2" , ^ / ^ /2" sint 

J-i/2{t) ^ ]/ - cost and Ji/2[t) ^ ]l - —■ 

We recall the definition of the generalised Ricsz means, introduced in [CM, Sec- 
tion 1], and summarise some of their properties. 

Suppose that d and z arc complex numbers such that Rc d > and that Re z > 0. 
For every / in the Schwartz class iS(M), the generalised Riesz mean of order (d, z) 
of / is the function Rd.zf, defined by 

Rd.zfit) = s"-^ (1 - fist) ds yt e R. 

For fixed d and t, the function z i— > Rd.zf{t) has analytic continuation to an entire 
function. ^ 
For every / in i^(R) define its Fourier transform / by 



/oo 
/(s)e-'^*ds Vie 
-oo 



Sometimes we write Tf instead of /, and denote by f the inverse Fourier 
transform of /. 

Suppose that / is a function on R, and that A is in R+. We denote by f^ and 
f\ the A-dilates of /, defined by 

(2.13) f^{x)=f{Xx) and fx{x) = f{x/X) Vx G R. 

For each positive integer h, we denote by the differential operator t^ D'^ on 
the real line. 

Lemma 2.3 ([CM]). Suppose that k is a positive integer, d and w are complex 
numbers, and Red > 0. The following hold: 

(i) ifRc{d - 2w) > 0, then Rd-2wAu Rd,z = Rd-2w,w+z\ 

(ii) Rdfi is the identity operator; 

(iii) there exist constants Cj^d,k such that Rd,-k = T^^j^Q^j.d^kOK 

Proof. The proofs of (i), (ii), and (iii) may be found in [CM| Sect ion 1]. □ 

We shall make repeated use of the operator i?i+2fc.-fc- For notational conve- 
nience, in the rest of this paper we shall write R^ instead of i?i+2fe,-fc, and we shall 
denote the formal adjoint of Rk by i?^. Thus 

/•oo 

f{t)Rkg(t)dt= R*J{t)g{t)dt yf,geS{R). 
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Lemma 2.4. Suppose that k is a positive integer. The following hold: 

(i) if g is a bounded smooth function with bounded derivatives up to the order k, 
and f is rapidly decreasing together with its derivatives up to the order k, 
then there exist constants j, such that 

^ />oo 

{f,Rkg)^Y.^lk o''f{t)g{t)dt. 
h=o 

Thus Rt = ELoCl,0\ 

(ii) if f is a tempered distribution such that O'^ f is in L^{M.) n Co(M) for all h 
in {0, 1, . . . ,k}, then 



fit) cos{vt)dt = x/¥ 2^-1/2 / Rlf{t)Jk.,/2{tv)dt. 

) J —OG 

Proof. First we prove (i). By using Lemma 12.31 fiii). and then integrating by parts 
(/, Rkg) = Q,i+2fe,fe / fit) 0'g{t) dt 



3=0 
k 



/oc 
D'{t'f){t) g{t)dt. 

Define = [^^ ^. By Leibniz's rule [P f){t) = ELo '^^~''/(*)- Then 
if, R,g) = Cj,i+2kA-^V E / ^'"'/W 9it) dt 

^Y^lk O'^fit) g{t)dt, 
h=a 

where Clj^ = Cj.i+2k.k a^.j-h, as required. 

Next we prove (ii). For every v in M"*", denote by C" the function C"(i) = cos(to). 
The required formula follows from (i), once we prove that 

To prove this formula, observe that for every positive integer k 

2 Z"^/, „2\k-l 



{RiMC^){t) ^Y^kjJ (1 - 5^)'"' cos(sto) ds 
by (|2.12p . Then we use Lemma [^751 fi) and (ii), and write 

as required. □ 
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In the rest of this section we shall provide various estimates of functions of the 
form that, in combination with Lemma 12.41 (i), will be needed in the proof of 
Theorem [3H 

Suppose that J is a positive number. Denote by </? : M ^ [0, 1] a smooth even 
function, supported in [-4, - 1/4] U [1/4, 4], equal to one on [-2, -1/2] U [1/2, 2], and 
such that X]jez ' = 1 on M \ {0}. We denote by iJ'^(R) the standard Sobolev 
space on K, modelled over i^(M). 

Definition 2.5. We say that a function g : K ^ C satisfies a Hormander condi- 
tion |Ho| of order J on the real line if 

(2.14) supl|(^g^l|ff.7(R) < oo. 

A>0 

We set l|5llHorm(j) := sup;^>o \\lp g^WuJ («)■ 

Note that (|2.14p implies that ]|5||oo < 2 ]|g]|Horm(,/) if J > 1/2. We need a 
technical lemma, which is a version of Hormander's method |Ho) . 

Lemma 2.6. Suppose that s is in (1/2, oo) , that k is a positive integer and that g : 
R ^ <C is a bounded even function that extends to an entire function of exponential 
type 1 . For each integer j define the functions gj by 

93=9V ■ 

Then gj is an entire function of exponential type and g = gj in the sense of 
distributions. Furthermore, for every e in [0, s — 1/2) there exists a constant C such 
that for all r in K"*" 

(i) / iRimi dt <C{2^r)-- \\g\U.mis+k); 

J\t\>r 

(ii) r I LSMdt<C(2^-r)i/2||g||H„,„(,); 

J\t\>r |t| 

(iii) sup ll^lli < C||5||Horm(.s)- 

Proof. For every integer £ in {0, . . . , A:} define the tempered distribution and the 
functions by 

G'' = C'^5, and G]^O^gj. 

By Lemma [231(1), Rl.gj = X)fco k^^9j- Thus, to prove (i) and (ii) it suffices to 
prove similar estimates with in place of R^gj for all i in {0, . . . ,k}. 

Note that both gj and Gj are entire functions of exponential type 2-'+^ . Observe 
that 

5- = ^[(.9^vn = [n9^V)],^. • 

Hence 

(2.15) Gj = o^{[^(5^V)],-.} = [o'Hg''^)],-.- 

By elementary Fourier analysis J^-i [o'^ j:[g-^' ^)\ (^) = (-1)^ [Sf g^' if] 
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Now we prove (i) . Note that 

\G]{i)\ dt= f \[0':F{g''^)]^_At)\dt 

J\t\>r 



t\>r 



(2.16) J\t\>Vr 



by the classical Bernstein's Theorem, where e is in [0, s — 1/2). Note that C depends 
on e but is independent of j. Now, by Planchcrcl's Theorem, 

< ljD':F[g''^]it)\'{l + \tfy^'dt 

\:F[eg''^]it)\'{i+\t\r'''dt. 

The square root of the last integral is a constant times '^\\h=+''{r): which is 

clearly dominated by ip\\H=+t{R)- Then (|2.16|) implies that 

(2.17) / \G'j{t)\ dt <C{2^ry' ||.g||Horm(.+^), 

J\t\>r 

as required to conclude the proof of (i). 
Next we prove (ii). Observe that 

t|>r m J\t\>r \t\ 

J\t\>2ir \t\ 

<Vr{[ \t\-^ dt)"^ \\0'T{g^\)\\^ 

1/2 |i 2^' 



(2.18) 



<C{Vry'\W'^\\ 

Horm(£): 

as required. 

The inequality (iii) follows from (i) by taking fc = e = 0. □ 



Remark 2.7. Notice the following variant of Lemma l2.6l (ii) that will be used in the 
proof of Theorem l3.4l (i) below. For every 77 in (1/2, 1] and for every R in M+ there 
exists a constant C such that 

(2.19) rf \I^^iMat<C{Vr)'^'\\g\\no.Mk) VrG(0,i?]. 

j\t\>r m 

The proof is much the same as the proof of Lemma 12.61 (ii) . As before, it suffices 
to prove (|2.19|) with Gj in place of R^gj for all £ in {0, ... , k}. 



12 



G. MAUCERI, S. MEDA AND M. VALLARINO 



Observe that 



\t\>r 1*1'' i|t|>r 



(2.20) 



^J\t\>2ir ' 

<C(2^r)l/2||g|jHo™W, 

as required. Note that in the last incquahty we have used the fact that r varies in 
a bounded set. 



3. Spectral multipliers on Riemannian manifolds 

In this section we prove our main result, Theorem 13.41 To treat the part of the 
kernel k„^(^x>) near the diagonal of M x M, we shall need the following result, which 
is the analogue on manifolds with bounded geometry of a well known result in the 
setting of spaces of homogeneous type in the sense of Coifman and Weiss |CW| . 
For the reader's convenience we sketch its proof, but omit the details of the part 
which is very similar to the proof of [CWi Theoreme 2.4]. 

We denote by Bg the family of all balls with radius at most s. Given a ball B, we 
denote by cb its centre, by tb its radius and by 2B the ball with the same centre 
as B and radius 2rB- 

Proposition 3.1. Suppose that T is a bounded operator on L'^{M) and that 

(i) its Schwartz kernel kq- is locally integrable in (M x M) \ {{x, x) : x M}, 
and is supported in {{x, y) £ M x M : d{x, y) < 1}; 

(ii) the following Hormander integral condition at scale 1 holds 

A:~ sup sup / |A:r(a^, y) — fcT(2;, cb)| d/i(2:) < oo. 

SeBi yes Jb{cb,2)\{2B) 

Then T extends to an operator of weak type 1 and there exists a constant C such 
that 

lll^lllLi(A-f);i^'°°(A/) - 

Proof. Denote by 371 a 1-discretisation of M, i.e., a subset of M that is maximal 
with respect to the following property: 

d{zi,Z2)>l yzi,Z2eTl and d{x,m)<l Vx e M. 

We denote by {zj : j e N} the points of Tl. Since the measure is locally doubling, 
the family {B{zj,l) : Zj e DJl} is a covering of M such that {B{zj,2) : zj £ Tl} 
has the bounded overlap property, i.e., there exists a positive integer N2 such that 

where 1e denotes the indicator function of the set E. Given / in L^(M) and 
a nonnegative integer j, we define fj by /j = f ^Biz^,!)/ J2e'^Bizt,i)- Then / ^ 
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EjGN/i' and 

Note that this sum is locally uniformly finite, because the function Tfj is supported 
in the ball B{zj,2), by (i) above, and the family {B{zj,2) : zj G Tl} has the 
bounded overlap property. Then there exists a constant C such that 

fi{{x e M : \Tf{x)\ > s}) < CY,K{^ ^ ■ > Vs e M+. 

Thus, to conclude the proof it suffices to show that there exists a constant C such 
that 

(3.1) s ^l{{x e M ■.\Tfj{x)\> s}) <CA\\fj\\i VseK+ VjeN, 
for then we may conclude that 

s ^i{{x e M : \Tfix)\ > s}) <CAY, ll/.lli 

<C^|l/|li VseM+. 

by the bounded overlap property, as required. 

To prove (|3.ip . we may follow the proof of the original result of R.R. Coifman 
and G. Weiss on spaces of homogeneous type [CW[ Thcorcme 2.4]. Define the local 
doubling constant D2 by 

D2 = sup ^LZ. 
BeB2 l^[^) 

Then, given s in consider a Calderon-Zygmund decomposition of fj at height 
s. Note that, though M need not be a space of homogeneous type, each fj is 
supported in a ball of radius 1, and all these balls are spaces of homogeneous type 
with doubling constant dominated by D2. Thus, the constants appearing in the 
Calderon-Zygmund decompositions of the functions fj depend on D2, but not on 
j. Then the proof of ()3.ip is exactly as in the setting of spaces of homogeneous 
type, and the constant C in p.l|) depends on D2, but not on s or j. We omit the 
details. □ 

Now we define an appropriate function space of holomorphic functions which will 
be needed in the statement of Theorem [331 Then, for the reader's convenience, we 
recall one of its properties, which will be key in the proof of our main result. 

Definition 3.2. Suppose that J is a positive integer and that W is in R"*". We 
recall that Sw denotes the strip {C, G C : Im(C) € (— W,VF)} and we denote by 
H°°{S]y; j) the vector space of all bounded even holomorphic functions / in Sw 
for which there exists a positive constant C such that 

(3.2) \D^f{0\<C{l + \C\)-' VCeSw VjG{0,l,...,J}. 

The infimum of all constants C for which (|3.2p holds will be denoted by ||/||s».;./- 

Lemma 3.3 ( |HMM( Lemma 5.4]). Suppose that J is an integer > 2, and that W 
is in . Then there exists a positive constant C such that for every function f in 
H°°{Sw'i J) ! '^^d for every positive integer h < J — 2 

|0''/(i)| <Cl|/l|s„-;,/ It]'--' e-'^l*! yteR\{0}. 
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Theorem 3.4. Suppose that M is a Riemannian manifold with bounded geometry, 
and suppose that il.3\) holds for some p > 1/2. Assume that a and (3 are as in 
and denote by N the integer [r7,/2 + 1] + 1. Suppose that J is an integer 
> m8Lx{N + 1, A'^ + 1 + a/2 — p). Then there exists a constant C such that 

ll|m(I?)||Ui(M);Li,=o(M) < C||m||s,,, Vm e H°-{Sp;J). 

Proof. For notational convenience in this proof we shall write instead of 

Denote by lu an even function in C^(IR) which is supported in [—1, 1], is equal 
to 1 in [—1/4, 1/4], and satisfies 

^w{t-i) = l VteM. 

Clearly w * m and m —■ lj * m are bounded functions. We follow the strategy of 
Taylor (see [H Thm 1]), and define the operators A and B spectrally by 

A= {oj * m){'D) and B = (m — a) * m)('D). 

Then miV) = A + B. We shall prove that there exists a constant C such that 

(3-3) II|-4|||li(m);li.-(a/) < C\\m\\s^-j 

and 

(3.4) miLHM) < C|l'"lls,;J. 

These estimates clearly imply the desired conclusion. 

First we analyse the operator A. Since lu ^ m is an even entire function of 
exponential type 1, the function A, defined by 



^(0 = {Q*m){^e-K^) VCeC, 

is entire of exponential type 1. The reason for introducing the new function A is to 
write ^ as a function of the operator 2?i (defined at the beginning of Subscction l2.2p 
rather than of the operator V. Observe that 

A = A{Vi), 

and that the support of fc^ is contained in {{x,y) AI x M : d{x,y) < 1}. It is 
straightforward to check that 

(3-5) ll^llHorm(J) ll'^*™llHorm(J) ' 

where the constant C docs not depend on m. By arguing much as in the proof of 
[HMMl Proposition 5.3], we may show that the function a) * m satisfies a Mihlin- 
Hormander condition of order J, with * m|lHorm(j) bounded by a constant times 
j|mj|Horm(j)- Furthermore, it is clear that 

ll™||Horm(,/) < C\\m\\s^-J, 

with C independent of m. In view of this observation and of Proposition 13. li to 
prove that A is of weak type 1, with the required norm estimate, it suffices prove 
that its integral kernel fc^ satisfies the following 



(3.6) sup / |fc^(x,?;) - A:^(a;,CB)| d/i(x) < C|lA|lHorm(j)- 

ySBSSi JS(CB,2)\(2S) 
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To prove (|3.6p we further decompose the function A, and then decompose the 
operator A accordingly. For aU j in Z define the functions Aj by 

A,^Aip^'\ 

where ip is defined just above Lemma 12.61 Tlicn Aj is an entire function of expo- 
nential type and A = Aj in the sense of distributions. Furthermore, Lemma [2T6l 
(with A in place of g) and Remark 12.71 implv that for every 77 in (1/2, 1] there exists 
a constant C such that for every j in Z and for every £ in {0, 1, . . . , N} 



(3.7) / \R%Ajit)\dt<C\\A\\uorMJ){2'r)-' Vr e M+ , 

J\t\>r 

(3.8) r[ L^^^^^Mdt<cp||Ho™(,/)(2^r)i/2 Vre(0,2]. 



t\>r 



\t\' 



Here we have used the fact that J > N + 1/2. 

For each ball B in Bi and for each integer j, define Ij{B) by 



/j-(B) = sup / \kA.^p^){x,y)-kA^^p^){x,CB)\<i■^l{x), 

veBJEB 

where, for notational convenience, we write Eb instead of B{cb, 2)\ (25). To prove 
(13.61). it suffices to show that there exists a constant C such that for 



I,iB) < C||A||Horm(J) min((2^' rB)-^ (2^' rB)!/^) VB £ 61 Vj £ Z. 
To prove this, wc shall prove separately that 

(3.9) /j(B) <^^P||Horm(J)(2^VB)^^ 

and that 

(3.10) I,{B) < C||A||Horm(J) (2^Vb)^/^ 

The key formula here is 

2-/V-1 roc 

A,(A) = -= / R*^A,it) J{tX)dt, 

which follows from the Fourier inversion formula and Lemma 12.41 (ii) , and its con- 
sequence 

2-/V-1 roD ^ 



2tt 

Note that the modified Besscl function A 1-^ J{tX) is an even entire function of 
exponential type \t\. Thus, by the finite propagation speed property for £, the 
kernel fcj'(tx>i)(', y) vanishes outside the ball B{y, \t\). 
To prove (|3.9p . note that 



Ij{B) < 2 sup \\kA,{v,)i-,y)\\i^i,E. 



<Csup / \R%Aj{t)\ \\kji^t-r,^){-,y)\\ dt. 

y£B J\t\>rB ^ ' 

Now we split each of these integrals as the sum of the corresponding integrals over 
the sets {t : tb < \t\ < 1} and e K : |t| > 1}. We denote these two integrals 
by Ti and T2 respectively. They depend on y in B and j. 
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By the asymptotics of Bessel functions [El formula (5.11.6), p. 122] 

sup|(l + s)^ J(.s)| < oo, 

SO that J' satisfies the assumptions of Proposition !^?^ (with N in place of 7). Hence 
by Schwarz's inequality, (j2.2p and Proposition [2?2] (ii) 

||fcj(tPi)(-'y)|Li(B(c^,2)) <KB{y,\t\)) \\kj{tV,}{;y)\\L2^Biy,m 

<C Vt € hl,l]\{0}. 

As a consequence 



Ti<C f \R*j^Aj{t)\dt 

■JrB<\t\<l 

<C\\A\\ 

Horm(J) 



Note that we have used (j3.7p above in the last inequality. 

To estimate T2 we argue similarly, using Proposition 12.21 (i) and the fact that 
KEb) < /"(^(y, 3)) < C by (1221). Thus we obtain 



T2<C / \R*NA,it)\\t\~' dt 
J\t\>i 

<C [ \R%Aj{t)\dt 

J\t\>rn 



l\t\>rB 

<CP||hoo„(j) (2^Vs) 

Then ([31]) follows. 

To prove (|3.10p . observe that 



IjiB) <CrB sup / \d2kA^(Vi){x,y) \ d^i{x) 
(3.11) '^''^''J^ 

<CrB sup / |i?^Aj(0| \\d2kj(fr,^){-,y)\\ dt. 
yes J\t\>rn ^ 



y£B J\t\>rB 

Much as before, we split each of these integrals as the sum of the integrals over the 
sets {i e R : ri3 < |i| < 1} and {t e M : |t| > 1}, and denote them by f 1 and T2. 

By the finite propagation speed for £, the kernel d2fcj-(j-pj)(-, y) vanishes outside 
the ball B{y, \t\). Hence by Schwarz's inequality and Proposition [221 (hi) 

V2kj{tV,){-.y)\\Li(B[cs,2)) ^ ^^{B{yM)) ¥2kj[tV,){-,y)\\L2^B(y,\t\)) 

< C IC^' l^r"^'"' e [-l,l]\{0} 

and 

1/2 

||d2fcj7((X,i)(-,y)||^i(^(^^ < ^J-{B{CB,2)) \\d2kJ^^t■D^){■,y)\\2 

<C\ty'' VteM\[-l,l]. 



Then, by ([3 

\R*^A,{t) 



T,<c f llii^at < c!1A!1ho™(,/) (2V-B)^/^ 
JrB<\t\<i m 
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and 

T2 < C / \R*NAj{t)\ \t\-P dt < C||A||Horm(,7) (2V''s)'/'- 
J|t|>l 

The required estimate p.lOp follows from this and ()3.1ip . This concludes the proof 
of dSH), hence of ([331l . 

Next we estimate |||y8|||2,i(A/)- For each j in {2, 3, . . . , }, define ujj by the formula 

Uj(t) uj{t - j + 1) + Lj{t + Vt e M. 

Observe that J^{m — Q*m) = X)^2 Since m is in H°°(^Sp; j) and J > -/V + 2, 

the function m and its derivatives up to the order N are rapidly decreasing at 
infinity by Lemma [331 so that - w) m) is in ^^(IR) n Co(M+) for aU ft. in 

{0, . . . , N}. Hence we may use Lemma [2.41 (ii) and write 



(m — cD * to) (A) = — ^ / ujj{t) fh{t) cos(iA) di 
-^'^ j=2 J-^^ 

/ ii'^(a;, a)(t)^(a)d<, 

,-_n J —00 



2- ,=2- 



for all A in R. Define the kernel fci by 



2Af-l /-oo 



fcg = J R*N {^J ffl) (t) kj^tV) dt. 

Then, at least formally, ks = 'Yli'^2^B- l^ote that k^ is supported in {(x^y) € 
M X M : d{x, y) < j} by finite propagation speed. For all positive integer £ and for 
each p in M, denote by A{p, £) the annulus with centre p and radii € — 1 and £. Fix 
y in M. Then 



00 ^ 

\kB{-,y)\\i = \kB{x,y)\dfi{x) 

1,^^ JA(yI) 
00 „ 

<y^ti{B[yJ)Y'^\ \kB{x,y)\^ A^Ji[x) 



Note that if 7 < I— 1, then the restriction of fcg to A{y, £) vanishes, because kg{-, y) 
is supported in the ball B(y,j). Thus, by Schwarz's inequality 



\kB{;y)l <J2fi{B{y,£)f'Y.Hi-^y)\\2 

e=i ]=t 

< C Y^l^/'e"' / \R*Ni^jf^)it)\ \\kjitv){;y)\\, dt, 



where we have used and the formula above for kg. Recall that — 1/2 > 

{n + l)/2. Then, by Proposition 12.21 (i) there exists a constant C such that 

sup \\kj(tv){-,v)\\^ <C\t\-^l^ (l + ltl)"/'-" Vte]R+. 

Furthermore, by Lemma there exists a constant C such that for h in {0, . . . , iV} 
|0'^(c.,TO)(t)| <C||m|ls«;je-'^l*l \ti'~' VteM\{0}; 
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here we have used the fact that J > + 2. Since O'* (t^jm) vanishes in [2 — j, j — 2], 

oo oo 

sup \\kB{;y)\\, < C!lm||s,;,7 ^W^c'^^ ^ / e"/'!*! 1*^-^-" dt 

yGM j=i-'\t\>j-2 

oo 

e=i 

The series above is convergent, because a/2 + N — J — p < —1 by assumption, 
so that 

sup ||A:b(-,?/)||^ < C||m||s„:j. 



Since kB{x,y) = keiy^x), 

sup ||fce(a;,-)||i < C|lm|ls^;j. 

Hence B maps L^{M) into L^{M), with operator norm bounded by C ||m|js^;j, as 
required to to prove (|3.4p . 

The proof of the theorem is complete. □ 

References 

[A] J. -Ph. Anker, Lp Fourier multipliers on Riemannian symmetric spaecs of the noncompact 

type, Ann. of Math. 132 (1990), 597-628. 
[Ba] D. Bakry, Etude des transformations de Riesz dans les varietes riemanniennes a courbure 

de Ricci minoree, Seminaire de Probabilites, XXI ed. J. Azema, et al.. Lecture Notes in 

Math., vol. 1247, Springer, Berlin, 1987, 137-172. 
[Be] M. Berger, A panoramic view of Riemannian Geometry, Springer- Verlag, 2002. 
[Br] R,. Brooks, A relation between growth and the spectrum of the Laplacian, Math. Z. 178 

(1981), 501-508. 

[CMM] A. Carbonaro, G. Mauccri and S. Meda, , BMO and singular integrals for certain 

metric measure spaces, arXiv:0808.0146vl [math. FA]. 
[Ch] I. Chavel, Riemannian geometry: a modern introduction, Cambridge University Press 

1993. 

[ChF] I. Chavel and E.A. Feldman, Modified isoperimetric constants, and large time diffusion 

in Riemannian manifolds, Duke Math. J. 64 (1991), 473-499. 
[CGT] J. Cheeger, M. Gromov and M. Taylor, Finite propagation speed, kernel estimates for 

functions of the Laplace operator, and the geometry of complete Riemannian manifolds, 

J. Diff. Geom. 17 (1982), 15-53. 
[CS] J.-L. Clerc and E.M. Stein, LP multipliers for noncompact symmetric spaces, Proc. Nat. 

Acad. Sci. U. S. A. 71 (1974), 3911-3912. 
[CW] R. R. Coifman, G. Weiss, Analyse harmonique non commutative sur certains espaces 

homogenes, Lecture Notes in Mathematics 242, Springer 1971. 
[Cou] T. Coulhon, Noyau de la chaleur et discretisation d'une varicte riemannienne, Israel J. 

Math. 80 (1992), 289-300. 
[CGM] M. Cowling, S. Giulini and S. Meda, LP — L^ estimates for functions of the Laplace- 

Beltrami operator on noncompact symmetric spaces. I, Duke Math. J. 72 (1983), 109- 

150. 

[CM] M. Cowling and G. Mauceri, Inequalities for some maximal functions. II, Trans. Amer. 

Math. Soc. 296 (1986), 341-365. 
[CMP] M. Cowling, S. Meda and R. Pasquale, Riesz potentials and amalgams, Ann. Inst. 

Fourier Grenoble 49 (1999), 1345-1367. 
[CoSi] M. Cowling and A. Sikora, A spectral multiplier theorem for a sublaplacian on SU{2), 

Math. Z. 238 (2001), 1-36. 
[DS] N. Dunford and J.T. Schwartz, Linear Operators. Part I. General Theory, Wiley Classic 

Library Edition, 1988. 



WEAK TYPE 1 ESTIMATES 



19 



[Gr] A. Gry'goryan, Estimates of heat kernels on Riemannian manifolds, in Spectral The- 
ory and Geometry, ICMS Instructional Conference Edinburgh 1988, eds B. Davies and 
Y. Safarov, London Mathematical Society Lecture Note Series 273, Cambridge Univer- 
sity Press, 1999. 

[HMM] W. Hebisch, G Mauceri and S. Mcda, Spectral multipliers for sub-Laplacians with drift 

on Lie groups. Math. Z. 251 (2005), 899-927. 
[Ho] L. Hormandcr, Estimates for translation invariant operators in spaces. Acta Math. 

104 (1960), 93-140. 

[II] A.D. lonoscu. Singular integrals on symmetric spaces of real rank one, Duke Math. J. 

114 (2002), 101-122. 

[12] A.D. loncscu. Singular integrals on symmetric spaces, II, Trans. Amer. Math. Soc. 355 

(2003), 3359-3378. 

[L] N.N. Lebedev, Special functions and their applications, Dover Publications, 1972. 

[Lo] N. Lohoue, Inegalites de Sobolev pour les sous Laplaciens de certains groupes unimod- 

ulaires, Geom. Func. An. 4 (1992), 394-420. 

[MMV] G. Mauceri, S. Meda and M. Vallarino, Endpoint estimates for multiplier operators on 
certain noncompact manifolds, preprint. 

[MV] S. Meda and M. Vallarino, Weak type estimates for multiplier operators on noncompact 
symmetric spaces, arXiv : 0802 . 1227vl [math . CA] . 

[SC] L. Saloff-Coste, Aspects of Sobolev-type inequalities, London Mathematical Society Lec- 
ture Note Series 289, Cambridge University Press, 2002. 

[StTo] R.J. Stanton and P.A. Tomas, Expansions for spherical functions on noncompact sym- 
metric spaces. Acta Math. 140 (1978), 251-276. 

[S] R. S. Strichartz, Analysis of the Lapacian on the complete Riemannian manifold, J. 

Funct. Anal. 52 (1983), 48-79. 

[T] M.E. Taylor, estimates on functions of the Laplace operator, Duke Math. J. 58 

(1989), 773-793. 

[V] N. Varopoulos, Hardy-Littlewood theory on unimodular groups, Ann. I.H.P. 31 (1995), 

669-688. 

GiANCARLO Mauceri, Dipartimento di Matematica, Universita di Genova, via Dode- 
CANESO 35, 16146 Genova, Italy 

E-mail address: mauceriadima.unige . it 

Stefano Meda: Dipartimento di Matematica e Applicazioni, Universita di Milano- 
BicoccA, via R. Cozzi 53, 1-20125 Milano, Italy 
E-mail address: stefano .medaOunimib . it 

Maria Vallarino: Laboratoire de Mathematiques et Applications, Physique Mathema- 
tiques d'Orleans, Universite d'Orleans, UFR Sciences, Batiment de Mathematique- 
RouTE de Chartres, B.P. 6759, 45067 Orleans cedex 2, France 

E-mail address: maria.vallarinoaunimib.it 



